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Spinc Dirac operators

Let M be a compact, oriented and even dimensional manifold.
Let Cl(TM)→ M be the Clifford bundle associated to a
Riemannian metric.

Clifford module
A complex vector bundle E → M is a Cl(TM)-module if there is
a bundle map cE : TM → End(E) such that

cE(v)2 = −‖v‖2IdE for all v ∈ TM.

Spinor bundle

• A spinor bundle S → M is an irreducible Cl(TM)-module.
• The orientation induces a grading S = S+ ⊕ S− such that
cS(v) are odd endomorphisms.
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We can associate to a spinor bundle S → M a Dirac operator

DS : Γ(M,S+)→ Γ(M,S−).

Since DS is elliptic we may consider its index

Q(M,S) := Index(DS) ∈ Z.

Atiyah-Singer formula
We have

Q(M,S) =

∫
M

eiΩS Â(M),

where ΩS is half the curvature of the line bundle

det(S) := homCl(TM)(S,S).
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Spinc Dirac operators: the equivariant case

• Let K be a compact connected Lie group acting on S → M.

• The Dirac operator DS is K -equivariant, and its equivariant
index QK (M,S) can be computed by the delocalized formulae
of Berline-Vergne: for X ∈ k small enough

QK (M,S)(eX ) =

∫
M

eiΩS(X)Â(M,X ),

where
ΩS(X ) := ΩS + 〈ΦS ,X 〉

is half the equivariant curvature of the line bundle det(S).

Atiyah-Hirzebruch (70’s)

If the line bundle det(S) is trivial, then QK (M,S) = 0 unless the
action K � M is trivial.
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Parametrization of K̂

Admissible orbits
• A coadjoint orbit P ⊂ k∗ is admissible if there exists an
equivariant spinor bundle SP such that ΦSP is the inclusion.
•We denote Qspin

K (P) := QK (P,SP).
• Let A be the set of admissible orbits, and let Areg ⊂ A be the
subset formed by the regular orbits.

Facts

• The element Qspin
K (P) is either 0 or an irred. rep. of K .

• The map P −→ Qspin
K (P) is not injective.

Parametrization

The map O ∈ Areg −→ πO := Qspin
K (O) ∈ K̂ is bijective.
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Vanishing results

• Let (kM) the generic infinitesimal stabilizer for the K -action on
M.

• Let H be the set of infinitesimal stabilizers (kξ), ξ ∈ k, and let
H′ be the set formed by their semi-simple part ([kξ, kξ]), ξ ∈ k.

Theorem 1, P-Vergne

If ([kM , kM ]) /∈ H′, then

QK (M,S) = 0

for any spinor bundle S.

Remark
The result above does not hold for more general Dirac
operators.
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We suppose that ∃ h ∈ H such that ([kM , kM ]) = ([h, h]).

Let S → M be an equivariant spinor bundle: the choice of a
connection on det(S) determines an equivariant map
ΦS : M → k∗. Note that

ΦS(M) ⊂ {ξ ∈ k∗ | (h) ⊂ (kξ)}.

Theorem 2, P-Vergne

If QK (M,S) 6= 0 then

Φ−1
S ({ξ ∈ k∗ | (h) = (kξ)})

is open and dense in M.

Geometric consequence
The manifold M has a dense open part of the form K ×H Y
where Y is a H/[H,H]-submanifold of M.
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Multiplicies

• Thanks to the parametrization O ∈ Areg 7→ πO ∈ K̂ , we define
mO as the multiplicity of πO in QK (M,S).

• Let A((h)) be the subset of admissible orbits of type (h). For
any P ∈ A((h)), we define the reduced space

MP := ΦS(P)/K .

Theorem 3, P-Vergne
•We have

mO =
∑
P
Qspin(MP)

where the sum runs over P ∈ A((h)) such that Qspin
K (P) = πO.

• The spinc indices Qspin(MP), which are defined by shift
desingularization, do not depend on the choice of connection.
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• Y. Karshon and S. Tolman (1993), M. Grossberg and Y.
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actions.

Non-abelian group actions and ΩS is symplectic
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Example : the Hirzebruch surface

Let M be the quotient of U := C2 − {(0,0)} × C2 − {(0,0)} by
the free action of C∗ × C∗ acting by

(u, v) · (z1, z2, z3, z4) = (uz1,uz2,uvz3, vz4).

Consider the non-ample line bundle L obtained as quotient of
the trivial line bundle U × C→ U by the action

(u, v) · (z1, z2, z3, z4, z) = (uz1,uz2,uvz3, vz4,u3v6z).

We have a natural holomorphic action of U(2) on L→ M: the
Euler characteristic H0(M,O(L))−H1(M,O(L)) + H2(M,O(L))
is a U(2)-representation equal to

QU(2)(M,S)

where S =
∧

C TM ⊗ L.
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In this example we can compute everything and check the
validity of our [Q,R] = 0 theorem.
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Main steps of the proof

The proof of Theorems 1,2,3 can be divided in the following
steps:

•Witten deformation

• Fixed point formula for localized indices

• Function dS

• Shifting trick

• Magical inequality
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Witten deformation

• Let σ(M,S)(m, v) = cm(v) : S+
m → S−m be the the principal

symbol of the Dirac operator DS .
• The Kirwan vector field is κS(m) = ΦS(m) ·m.
• Let ZS = {κS = 0}.
• The symbol σ(M,S) pushed by the vector field κS is

σ(M,S,ΦS)(m, v) = cm(v + κS(m)).

We have QK (M,S) = IndexK (σ(M,S)) = IndexK (σ(M,S,ΦS)).

Basic fact
If U ⊂ M is an open invariant subset such that Z := U ∩ ZS is
compact, then σ(M,S,ΦS)|T∗U is transversally elliptic. We
denote

QK (M,S,Z )

its equivariant index.
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Localization à la Witten

If we have a disjoint decomposition in compact subsets

ZS =
∐
i∈I

Zi

the excision property gives

QK (M,S) =
∑
i∈I

QK (M,S,Zi).

Question

Determine when [QK (M,S,Zi)]K 6= 0.

We can use the finite decomposition ZS =
∐

β Zβ where

Zβ = K (Mβ ∩ Φ−1
S (β)).

PEP [Q,R] = 0 for spinc Dirac operators



Fixed point formula for QK (M,S,Zβ) when β 6= 0

Let N be the normal bundle of Mβ in M: the linear action of β
on the fibers induces a complex structure.

Fixed point formula à la Atiyah-Segal-Singer

The spinor bundle S on M induces a spinor bundle SMβ on Mβ

such that

[QK (M,S,Zβ)]K =[
QKβ (Mβ,SMβ ⊗ Sym(N ),Mβ ∩ Φ−1

S (β))⊗
∧

(k/kβ)C

]Kβ

Consequence

If the eigenvalues of 1
i L(β) on SMβ ⊗

∧
(k/kβ)C are strictly

positive then
[QK (M,S,Zβ)]K = 0.

PEP [Q,R] = 0 for spinc Dirac operators



Function dS
Define dS : ZS −→ R by the following relation

dS(m) = ‖θ‖2 +
1
2

nTrTmM |θ| − nTrk|θ|, with θ = ΦS(m).

where nTr is a normalized trace.

Facts

• dS(m) is the smallest eigenvalue of 1
i L(θ) on

SMθ |m ⊗
∧

(k/kθ)C.

• dS is a K -invariant locally constant function on ZS that takes a
finite number of values.

Localization on Z =0
S := {dS = 0}

If dS is non-negative on M, we have

[QK (M,S)]K =
[
QK (M,S,Z =0

S )
]K
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Shifting trick

By the shifting trick

mO = [QK (M ×O∗,S � SO∗)]K

On the manifold M ×O∗, we consider the set ZO where the
Kirwan vector field κS�SO∗ vanishes, and the function

dO := dS�SO∗ : ZO → R.

Theorem A
The function dO takes non-negative values.

Corollary
We have

mO =
[
QK (M ×O∗,S � SO∗ ,Z =0

O )
]K
.

Hence mO = 0 if Z =0
O = ∅.
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Computation of Z =0
O

We have to understand when the subset Z =0
O ⊂ M ×O∗ is

non-empty.

Theorem B

• Z =0
O 6= ∅ only if ∃ (h) ∈ H such that ([kM , kM ]) = ([h, h]).

• Suppose that ([kM , kM ]) = ([h, h]) for some (h) ∈ H. Then

Z =0
O =

∐
P

ZPO

where the disjoint union is parametrized by P ∈ A((h))∩ΦS(M)

such that Qspin
K (P) = πO.
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Magical inequality

Let T ⊂ K be a maximal torus with Lie algebra t.

The proofs of Theorems A and B use in a crucial way the
following

Magical inequality
Let λ, µ ∈ t∗, where λ is admissible and regular. We have

‖λ− µ‖2 ≥ ‖ρ(Kµ)‖2,

and the equality holds only if the following hold

• µ is admissible and belongs to the Weyl chamber defined by
λ,

• Qspin
K (Kµ) = πKλ.
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Final computation

At this stage we know that

mO =
∑
P

[
QK (M ×O∗,S � SO∗ ,ZPO )

]K
where the sum is parametrized by P ∈ A((h)) such that
Qspin

K (P) = πO.

With a bit more work we get

Final computation[
QK (M ×O∗,S � SO∗ ,ZPO )

]K
= Qspin(MP).

THE END !
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