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Overview

@ Topological T-duality in a H-flux
@ |somorphism between the invariant, twisted differential forms on the

dual spaces

© Courant Algebroids and T-duality
@ Isomorphism between the invariant Courant algebroids on the dual
spaces
9 Extension?
@ Exotic Differential Forms

© Exotic Courant Algebroids
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T-duality: a duality of string theory.

Consider the two dimensional space represented by a cylinder of radius R.
Along the compact dimension, a string can have momentum, with
momentum mode n € Z, but can also have a winding mode, m € Z.

e ()42
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T-duality- a duality from string theory.

Consider the two dimensional space represented by a cylinder of radius R.
Along the compact dimension, a string can have momentum, with
momentum mode n € Z, but can also have a winding mode, m € Z.
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This R — % duality of toroidal compactification extends to more
complicated, curved spacetimes which possess an abelian group of
isometries, where the metric and relevant fields are transformed via the
Buscher rules which are locally defined.

Given such rules are only defined locally, the question then is how does
T-duality effect the global data such as the topology of the space?

For what follows we are now going to restrict our attention to manifolds

with a single compact dimension which take the structure of principal
circle bundle.
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T-duality for the principal circle bundle.

We begin with a principal circle bundle,

St 7

K

M

whose first Chern class is [F] = c1(Z) € H?(M,Z), along with a
background H-flux [H] € H3(Z,Z).

The H-flux arises from string theory as the curvature of the B-field, one of
the massless fields, alongside the dilaton and the famous graviton.

The R-R fields (the objects to which D-branes couple) will also be
significant in our analysis of T-duality. These are given by the even/odd
classes of the H-twisted cohomology classes over Z.
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T-duality for the principal circle bundle.

Original data.

Sl 7

&

M

([F],[H]) € HX (M, Z)xH3(Z,Z)
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T-duality for the principal circle bundle.

T-dual data.

St 7

@t

M

([F1.1AN) € H*(M, Z)x H*(2,7)
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T—duality for the principal circle bundle. (Bouwknegt, Evslin, Mathai 2004).

Here the bundle Z is defined such that ¢;(Z) := m,([H]), where , denotes
the pushforward map. The dual data is then defined by the relations:

[F] = m.([H)), (1)
[F] = #.([A)). (2)
Let Z xp Z = {(a, b) € Z x Z|w(a) = #(b)}, then given the maps

if the two H-fluxes, [H] and [H], satisfy
P ([H]) = A" (D),

then the dual pair is unique up to bundle automorphism.
Jaklyn Crilly (UoA)
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Example.

Original data. T-dual data.
Sty §2x S St— 5’
52 52

([0],[1]) € H3(M,Z) x H3(Z,z).  ([1],[0]) € H(M,Z) x H3(Z,Z).

+1
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T-duality of H-twisted cohomology.
Theorem (Bouwknegt-Evslin-Mathai,(2004))

Let A, A denote connection forms on Z and Z respectively, choose some
invariant representative H € [H] and H € [A], and let (2°(Z2)S",d + H)!
denote the H-twisted Z,-graded differential complex.

Then the following map:

7 (Q%(2)5,d + H) = (Q*TH(2)S, d + A)

w = [ eMAw,
si
is a chain map isomorphism between the twisted, Z,-graded complexes.
Furthermore, this induces an isomorphism on the twisted cohomology:

7 Hy n(2) — H:,ﬁ?(z).

[1] Note: Q*(Z)S" = {w € Q*(Z)|£,(w) = 0}, where v is an invariant period-1
generator of the circle action, and £, denotes the Lie derivative along v.
Jaklyn Crilly (UoA)
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Courant algebroids

A Courant algebroid is given by a vector bundle E — M equipped with a
nondegenerate, symmetric bilinear form

(,):T(E)®T(E) = C>*(M),

a bilinear (Dorfman) bracket

[-]:T(E) @ T(E) = [(E),
and a smooth bundle map p: E — TM called the anchor, satisfying:
Q [a.[b,c]] =[[a, b], c] + [b, [a, ],
@ o([a; b]) = [p(a), p(b)]Ls,
@ [a, ] = p(a)(f)b+ f|a, b],
Q [a, b] + [b, a] = d{a, b), where d denotes the differential,
o p(a)(b, C> = ([37 b]7 C> + <b7 [37 C])!

where a, b,c € [(E), f € C>*(M), and d : C>°(M) — I(E) is the induced
differential operator defined by

(df,a) = p(a)f.

Jaklyn Crilly (UoA)
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Example 1
Let Z denote a manifold, let H € Q3(Z), and consider the vector bundle,

T TZo T Z — Z.

Given sections X +«, Y + 5 € [(TZ @ T*Z), this bundle along with the

following data defines a Courant algebroid:

Bracket : [X + o, Y + Bln = [X, Y] + LxB — tyda + txtyH

o Inner product : (X +a, Y + ) = L(a(Y) + B(X))

e Anchor map: p(X + o) = X

o Induced differential operator: d : C*°(M) — [(TZ & T*Z) (exterior
derivative)
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Example 1
Let Z denote a manifold, let H € Q3(Z), and consider the vector bundle,

T TZo T Z — Z.

Given sections X +«, Y 4+ 5 € [(TZ @ T*Z), this bundle along with the

following data defines a Courant algebroid:

Bracket : [X + o, Y + Bln = [X, Y] + LxB — tyda + txtyH

o Inner product : (X +a, Y + ) = L(a(Y) + B(X))

e Anchor map: p(X + o) = X

o Induced differential operator: d : C*°(M) — [(TZ & T*Z) (exterior
derivative)

e Clifford module on Q(Z) : (X +a) w=1xw+aAw
e The bracket defined above is the derived bracket with respect to the

twisted differential operator d + H. That is,
X+ao,Y+By=[d+HX+a],Y+4].
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Example 2

Let w : Z — M to be a principal circle bundle, with invariant H-flux
representative H. Now consider only the invariant sections of the Courant
algebroid 7 : TZ ® T*Z — Z, i.e., the sections X + a € [(Z, TZ ® T*Z)

satisfying £,(X + «) = 0. These sections are closed under our previously
defined bracket [, |4.

Jaklyn Crilly (UoA)
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Example 2

Let w : Z — M to be a principal circle bundle, with invariant H-flux
representative H. Now consider only the invariant sections of the Courant
algebroid 7 : TZ ® T*Z — Z, i.e., the sections X + a € [(Z, TZ ® T*Z)
satisfying £, (X + «) = 0. These sections are closed under our previously
defined bracket [, |4.

Any invariant section X +a € I'(Z, TZ ® T*Z)Sl may be expressed as
X+ a = ha(x) + fv + 7%(a) + gA, (3)
for some x € [(M, TM), a € QY(M), f,g € C>®(M), or equivalently:
(x,f,a,8) eT(M, TM & 1p & T*M & 1g). (4)

(We will often write this section, conveniently, yet incorrectly, as x + fv + a+ gA).
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Example 2

Let w : Z — M to be a principal circle bundle, with invariant H-flux
representative H. Now consider only the invariant sections of the Courant
algebroid 7 : TZ ® T*Z — Z, i.e., the sections X + a € [(Z, TZ ® T*Z)
satisfying £, (X + «) = 0. These sections are closed under our previously
defined bracket [, |4.

Any invariant section X +a € I'(Z, TZ ® T*Z)Sl may be expressed as
X+ a = ha(x) + fv + 7%(a) + gA, (3)
for some x € [(M, TM), a € QY(M), f,g € C>®(M), or equivalently:
(x,f,a,g8) eT(M, TM & 1gr & T*M & 1g). (4)
(We will often write this section, conveniently, yet incorrectly, as x + fv + a+ gA).

As a result, we get an invariant Courant algebroid, ((TZ @ T*Z)Sl, [, ]n), of the
bundle
T TMOIr® T"M @ 1g — M.
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T-duality of Courant algebroids

Theorem (Cavalcanti-Gaultieri,(2010))
The following map:

* 1 5 * 5\ S1
o (TZ@T2)° ,[]n) = (TZ T*2)° [, ])
(X’ f’ a?g) H (X7g7 a? f)?
defines an isomorphism between Courant algebroids.

In addition, given the T-duality isomorphism T between invariant

differential forms, we get that T defines an isomorphism of Clifford
modules, so:

7(x - w) = ¢(x) - T(w),
where x € [(TZ ® T*Z)%" and w € Q*(2)"".
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T-duality and Invariance

Can we extend these isomorphisms 7 and ¢ to include not only the
invariant data, but the non-invariant as well. Do we get a T-duality map
arising as an extension of the invariant one?
T-dualit
7F(Q4(2),d+ H) == 7
- T-dualit
¢ (TZOTZ, [ |n) —% 2

What are these objects on the right hand side? Exotic!
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Differential forms: The local picture

Key fact we are going to use is that given any differential form w € Q*(Z2),
we may apply a family Fourier expansion to transform it into the form

w= X wp,
neZ

where w, € Q%(Z2) .= {a € Q*(Z))|L,(a) = na}, where v denotes the
invariant period-1 generator of the circle action

Now let {U,} be a good cover of M, such that 7=1(U,) = U, x St.
Then we can express the form w,, locally by:

2minf
w"|Ua = (wa,l‘l,l + wa7n70 /\ A)e ™ a’
where A is the connection on Z, and wq.n,1, Wa,no define basic forms on

7Y Uy).
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Twisted integration

If we simply use the previous formula of T-duality we had for the invariant
differential forms,

wp M A wnp =0,
Sl

we get that the dual is trivial when n # 0.
The key is to include a twisting to the integral, to take into account the
lack of invariance. That is, something locally of the form

/ (eA/\Z\ A wn) o 2minfa
Sl

But this isn’t globally well defined. To achieve this, we they do is tensor
this form with a certain section of a line bundle, resulting in a well-defined
invariant, line bundle-valued differential form.
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Exotic differential forms (Han, Mathai 2018)

Let p : £ — M denote the associated line bundle of Z, with the induced
connection V¢ induced from A. Let {s,} denote a local basis of ¢ over
{U,} corresponding to the constant map U, — {1} C S'.
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Exotic differential forms (Han, Mathai 2018)

Let p: £ — M denote the associated line bundle of Z, with the induced
connection V¢ induced from A. Let {s,} denote a local basis of ¢ over
{U,} corresponding to the constant map U, — {1} C S'.

The exotic differential forms, denoted A'(f)él, are defined as a collection
of invariant, line bundle valued differential forms, given by:

2)% = @Ay 2" = @Par (2,7 (=)

nez neZ

Along with the differential operator defined on the n-th weight space by

—(fr*vfgm — i+ f:/) : A;(2)§1 —>A:,+1(2)§1,

we get a Zy-graded complex (A%(2)°", —(#*VE™" — 1,0 + A)).

e Note that the space of sections of the invariant Courant algebroid wrt Z

and I:I defines a Clifford action on the exotic differential forms.
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T-duality of twisted differential forms
Theorem (Han-Mathai, (2018))

The following map 7 = @n7, : Q(Z) = A+Y(2)S", where
T =Q0,(2) = ATH(2),

which can be defined locally by

71 (Ua)/ Ua A .
=, = ( / (e Aw_n,a)e%'"%) © 1% (5)".

is an isomorphism of Clifford algebras which extends T, so for any
X+ae(TZa T*2)%

T(X+a) w)=o(X+a) T(w).

Furthermore, it induces a chain map on the weighted complexes:

AV — o + H).
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Extending Courant algebroids

We want to construct a map
$:(TZ0 TZ,[ Jn) =2 2
which extends the invariant Courant algebroid isomorphism
0 (TZo T2 [ 1) = (T2 T°2)% [ 1)

in such a way that the exotic Courant algebroid defines an action on our
exotic differential forms, so that for any X + a € [(TZ & T*Z),

T(X+a) w)=¢(X+a) T(w).
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Local picture
Any section X+« € ['(TZ @ T*Z) may be Fourier expanded into the form

X+a= HEZ(X—f—a),,

where (X +a), €T (TZ& T*Z):={sel(TZ& T*Z)|L,(s) = ns},
which can then be expressed locally as:

(X + a)n|Ua = g?minfe (Xa,n + fo,nV + aan + goz,nA)a

where X, is a horizontal v.f, a, , is a basic form, f n, ga.n € C(Uy).
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Local picture
Any section X +« € [(TZ @ T*Z) may be Fourier expanded into the form

X+a= nEZ(X +a),
where (X +a), €T (TZ& T*Z):={sel(TZ& T*Z)|L,(s) = ns},
which can then be expressed locally as:
(X + a)n|Ua = e27rin9& (Xa,n + fa,nV + aa,n + ga,nA)a

where X, is a horizontal v.f, a, , is a basic form, f n, ga.n € C(Uy).

Now consider the following invertible map:
fn Ton(TZOT*2) = T(TM®1® T*M & 1) ® £27)
which can be defined locally as
pin(e72T (Xo + £V + o + 8aA)) = (Xas Fas e, 8a) @ 55"
( = (Xo + fav+ ag + 8A) @ W*(Sf”))
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Exotic Courant algebroid

Definition

Let M be a manifold, E be a Courant algebroid over M, L a line bundle
over M, and let £ = @,(L®").

An exotic Courant algebroid over M is given by an infinite-dimensional
vector bundle

E=EPEeL) > M,

nez

a bilinear map ( , ) : & x & — L, a bilinear bracket [ , ] : E X €& — &, an
anchor map p: £ - TM ® L, and an induced differential operator
D :T(L) — T'(€) defined by the relation

(Df,a) = p(a)f,
such that for all a,b,c € £ and f € T(L), we get
o[a, [b, c]] = [[a, b], ] + [b, [a, c]] e p([a; B]) = [p(a), p(b)].
o[a, fb] = p(a)(f)b+ f|a, b] e [a,b] + [b,a] = D{a, b)
ep(a)(b, c) = ([a, b], c) + (b, [a, c]).

v
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Example 1

Lets reconsider the infinite bundle :
p: @(TMO1E T*MP1) 25" — M.
neZ

where we can equivalently view sections of this bundle as sections of the
bundle ®,F((TZ & T*Z) ® 7*(£2M))S".
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p: @(TMO1E T*MP1) 25" — M.
nezZ
where we can equivalently view sections of this bundle as sections of the
bundle ®,F((TZ & T*Z) @ 7*(£%M))S".

Now take the differential operator D = ®&D,,, where

Dy =V — pA:T(M, ") 5 T(M,(TM& 16 T*M & 1) ® £57),
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Example 1

Lets reconsider the infinite bundle :

p: @(TMO1O T Ma1)®E2" — M.
neZ

where we can equivalently view sections of this bundle as sections of the
bundle ®,F((TZ & T*Z) @ 7*(£%M))S".
Now take the differential operator D = ®&D,,, where

Dy =V — pA:T(M, ") 5 T(M,(TM& 16 T*M & 1) ® £57),

and define the bracket to be the derived bracket of the operator D + H
acting on ©,Q°(M, &%),
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Example 1

Lets reconsider the infinite bundle :

p: @(TMO1O T Ma1)®E2" — M.
neZ

where we can equivalently view sections of this bundle as sections of the
bundle ®,F((TZ & T*Z) @ 7*(£%M))S".
Now take the differential operator D = ®&D,,, where

Dy =V — pA:T(M, ") 5 T(M,(TM& 16 T*M & 1) ® £57),

and define the bracket to be the derived bracket of the operator D + H
acting on ©,Q°(M, £®™). Take the inner product to be defined such that

(a@ sy, b®@s5™) = (a, b, 55" @ 55,
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Example 1

Lets reconsider the infinite bundle :
p: @(TMO1E T*MP1) 25" — M.
nezZ
where we can equivalently view sections of this bundle as sections of the

bundle ®,F((TZ & T*Z) @ 7*(£%M))S".
Now take the differential operator D = ®&D,,, where

Dy =V — pA:T(M, ") 5 T(M,(TM& 16 T*M & 1) ® £57),

and define the bracket to be the derived bracket of the operator D + H
acting on ©,Q°(M,£®"). Take the inner product to be defined such that

(a® s, b@s5™) = (a,b)c, 57" © 557,
and lastly, take the anchor map to be defined by the relation
(Df, a) = p(a)f,

This defines an ECA, denoted by (©,((TZ® T*Z) ® 7T*(§®”))51, [ ]H)
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Example 1

Now returning to the bijection we previously defined:
w:N(TZe T°Z) — F(GB,, (TMalae T"Ma 1) L"),
we find that
[11(a), u(b)]eca = p([a, b]ca),

(1(a), (b)) Eca = ¢((a, b)ca),
p(r(a))eca = p(a)ca,

= =

1w

where we use ¢ : C®(Z) = @,(£€2"), so that locally @, (e 2™"0a) = 59,

So we get a transfer of the Courant algebroid structure on TZ ® T*Z to

an exotic Courant algebroid structure on
1
(@ ((TZ® T*Z) @ 7(§%M)* , [ n).-
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Extended T-duality

We want to construct a map

G (TZ® T*Z, [, |y) 2y

which equivalently defines a map

o:(@n((TZOT*Z) 7" (§®”))51 [, ]H))T -duality

Jaklyn Crilly (UoA)
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Example 2

Now we will consider the elements of @, (T2 & T*2) @ #*(£%"))".

Given we are only interested in the invariant sections, we can again view
these as sections of the bundle,

p:,((TMOL1O T Ma1)®E2") — M.
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Example 2

Now we will consider the elements of @,[((TZ & T*2) @ #*(¢))>".
Given we are only interested in the invariant sections, we can again view
these as sections of the bundle,

p:O((TM® 1 T*M @ 1) ®£2™") — M.
Now define the differential operator D to act on the weight spaces by
Dp:=V®" — i  T(M,E®) 5 TIM(TM &1 & T*Ma 1) @ £8N).

Take the bracket to be the derived bracket of the operator D + H, denoted
[.7 .]I_AI,
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Now define the differential operator D to act on the weight spaces by
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Take the bracket to be the derived bracket of the operator D + H, denoted
[-,-]g. and take the inner product such that

(a®@sP", b@s5™) = (a,b), 57" @ 55"

Jaklyn Crilly (UoA) 28/30



Example 2

Now we will consider the elements of @,[((TZ & T*2) @ #*(¢))>".
Given we are only interested in the invariant sections, we can again view
these as sections of the bundle,

p:@((TMO1® T*Ma1)®E%") — M.
Now define the differential operator D to act on the weight spaces by
Dp:=V®" — i  T(M,E®) 5 TIM(TM &1 & T*Ma 1) @ £8N).

Take the bracket to be the derived bracket of the operator D + H, denoted
[-,-]g. and take the inner product such that

(a® s, b@s3™) = (a,b)c, 57" @ 557,
Lastly, take the anchor map to be defined by the relation
(Df,a) = p(a)f,

This defines an ECA, denoted by (,((TZ & T*2) ®7AT*(§®”))§1, [ -lg)
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Exotic Courant algebroids and T-duality

Theorem (Joint work with Mathai)
The following map

$:(TZ@TZ,[ 1) "3 @.(TZ & T*2) 2 #*(¢®"), [, 1)
(X, f,a,g)®@s" — (X,g,a,f)®s",

defines an isomorphism between exotic Courant algebroids. Furthermore, it
extends the Courant algebroid isomorphism

¢: (T2 T*2)% [, 1n) = (T2 T*2)%, [, 14),

in such a way that the exotic Courant algebroid has a natural action on
the exotic differential forms, such that for any X + a € [(TZ ® T*Z),

(X + @) w) = (X + a) - T(w).
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