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Possible applications of flux.
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THE 10-FOLD WAY - ALTLAND AND ZIRNBAUER
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KiTAEV: TABLE DISPLAYS BOTT PERIODICITIES OF K/KR-THEORY
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INTEGER QUANTUM HALL EFFECT (KLITZING ET AL., 1980)

D. Thouless et al (1982): Quantum Hall conductivity as ¢1(T?) = ¢1(BZ).
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INTEGER QUANTUM HALL EFFECT (KLITZING ET AL., 1980)

D. Thouless et al (1982): Quantum Hall conductivity as ¢;(T?) = ¢;(BZ).

J. Bellissard 1985

Noncommutative Geometry
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C*-ALGEBRAS

The observables are modelled by a C*-algebra, which can be defined as a

*_subalgebra of the bounded operators B(H) for some Hilbert space H closed
with respect to the norm metric:

1Al = sup[[Ap| - fl9o]] = 1} < o0



C*-ALGEBRA EXAMPLES

*_subalgebra of the bounded operators B(H):

EXAMPLE: A = Cy(P) pointwise multiplication on H = L?(P).
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C*-ALGEBRAS

*_subalgebra of the bounded operators B(H):
ExAMPLE: A = Cy(P) pointwise multiplication on H = L?(P).
ExAMPLE: Compact operators: KC(H) closure of finite rank operators on H.

EXAMPLE: The Toeplitz algebra 7 on H = ¢?(N) is generated by the shift
operator S such that (Sf)(0) =0, and (Sf)(k) = f(k—1), fork=1,2,...



MORITA EQUIVALENCE.

Algebras A; and A, are Morita equivalent if there is a natural equivalence
between the categories of A;-modules and A5-modules.

EXAMPLE: The compact operators KC(?) have only one irreducible
representation (the obvious one defined on ), so they are all Morita
equivalent to each other, and, in particular, to K(C) = C.
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MORITA EQUIVALENCE.

Algebras A; and A, are Morita equivalent if there is a natural equivalence
between the categories of A;-modules and A>-modules.

EXAMPLE: The compact operators KC(?) have only one irreducible
representation (the obvious one defined on ), so they are all Morita
equivalent to each other, and, in particular, to K(C) = C.

EXAMPLE: The algebra Cy(P,KC(H)) is Morita equivalent to Cy(P).

EXAMPLE: The quantum mechanical commutation relations have a unique
irreducible representation (Stone—von Neumann Theorem), so they are also
Morita equivalent to (), and to C.



ALGEBRA-TOPOLOGY DICTIONARY

—
Gel'fand-Naimark:
—

—
Serre-Swan:
>

—

ALGEBRA

comm. C*-algebra Cy(P)

comm. C*-algebra A

finite rank projective Cy(P)-module
K, (Cy(P)) ~ projections



K-THEORY OF C*-ALGEBRAS.

For any C*-algebra A we may define Ky(.A) to be the equivalence classes of
projections in M., (.A), the matrices of arbitrary size with entries in A,

where homotopy equivalence, unitary equivalence, and von Neumann
equivalence (p = u*u ~ ¢ = uu*), amongst others, all give the same

K-theory.

One can also define K;(A) = Ky (Co(R, A)).



K-THEORY OF C*-ALGEBRAS.

For any C*-algebra A we may define Ky(.A) to be the equivalence classes of
projections in M., (.A), the matrices of arbitrary size with entries in A,

where homotopy equivalence, unitary equivalence, and von Neumann
equivalence (p = u*u ~ ¢ = uu*), amongst others, all give the same
K-theory.

One can also define K;(A) = Ky (Co(R, A)).

Morita equivalent algebras have the same K-theory.



BULK AND BOUNDARY: THE TOEPLITZ ALGEBRA

The Toeplitz algebra T generated by the shift S on ¢?(N), plays an
important role for the unit disc D with boundary unit circle S*.

The pointwise multiplication action of Cy(S') on L?(S') = (2(7Z) can be
restricted to H?(S') = /2(N) and gives an action of the Toeplitz algebra:

= PCO(SI)P



THE ALGEBRAIC BULK-BOUNDARY CORRESPONDENCE

J. Kellendonk, T. Richter and H. Schulz-Baldes (2002)
boundary — "glue” — bulk

or

AN

0—K®E—T(E)— B—0,

where



THE ALGEBRAIC BULK-BOUNDARY CORRESPONDENCE

J. Kellendonk, T. Richter and H. Schulz-Baldes (2002)
boundary — "glue” — bulk

or

AN

0—K®&— T(E) — B—0,
where

There is a Pimsner—Voiculescu (PV) exact hexagon of the algebraic K-groups:

AN P

Ko(&) — Ko(T) — Ko(B)
T 3

AN AN



THE PIMSNER-VOICULESCU INDEX MAPS

AN AN

It can be shown that K;(7(£)) = K;(€)

AN AN

Ko(&) — Ko(€) — Ko(B)
T ]

AN

The vertical arows in the Pimsner—Voiculescu (PV) are not so easy to handle
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PERIODIC POTENTIALS

BLOCH-FLOQUET THEORY Stationary solutions of Schrodinger's equation

h2

—— VY + Vi = Ey
2m

with periodic potential V(x 4+ a;) = V(x), for j = 1,2,3 can be written as
¢(X) _ eik.x/huk(x)

where uy (x) ihas the same periodicity as V, and k has periodicity with
respect to integral combinations of aj = has x ag/[a;, as, a3, a}, a5, and
the energy comes in bands FE, (k), for n € N.



THE LATTICE REPRESENTATION OF THE CCR

As well as the Schrodinger representation of the canonical commutation
relations on L?(R?), and the Fock—Bargmann-Segal representation on

square-integrable holomorphic functions on C%, there is Cartier's lattice
representation on L? sections of a line bundle over T?¢, induced from a
lattice in phase space, which for d = 3 can be taken to be generated by

/ / /
{ala Az, as, a;, dg, aS}‘

For d = 1 on T? with periods {a,h/a}:
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THE LATTICE REPRESENTATION OF THE CCR

As well as the Schrodinger representation of the canonical commutation
relations on L?(R?), and the Fock—Bargmann-Segal representation on

square-integrable holomorphic functions on C%, there is Cartier's lattice
representation on L? sections of a line bundle over T?¢, induced from a
lattice in phase space, which for d = 3 can be taken to be generated by

/ / /
{ala Az, as, a;, dg, aS}‘

For d = 1 on T? with periods {a,h/a}:
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pointwise multiplication —— convolution multiplication
pointwise evaluation — integration



T-DUALITY: R < AR™! PRESERVES THE PHYSICS

R X
LR

STRING THEORY (BUSCHER, HULL AND TOWNSEND, ...

T-duality: Momentum and winding number interchange

Added ingredient: flux H € H?(P)



THE ALGEBRAIC T-DUAL

a:V — Aut(A).
Crossed product A = A x, V = Cy(V, A) has a-twisted convolution
(Fro)) = / f(w)aulg(v — )] du
) =
The T-dual of A with a: V' — Aut(A) is the crossed product

fl:ANaV.

A lattice L in V acts trivially on the spectrum, so it looks more like the
action of the torus V/L.



TAKAI-TAKESAKI T-DUALITY

For V abelian: the Pontryagin dual V = Hom(V, T) C Co(V,T) acts by
multiplication on the T-dual A x, V.

(TAKAI-TAKESAKI DUALITY) A x V =~ A® K(L2(V)) ~u A.
The T-dual of A is Morita equivalent to A.

In the previous discussion we may take

B\I:(Z/:XIO/ Z..



THE GEOMETRICAL PICTURE

Schematically we expect

interior — bulk — boundary

Algebras:




INDUCED ALGEBRAS: POINTWISE MULTIPLICATION

Let & be a homomorphism from Z to the automorphisms Aut(€).

The induced algebra consists of £-valued functions on R, with a periodicity
condition:

and with the pointwise product.
Set B = ind; (€, a)
Also set T =0Cy((0,1),8) = Cy(R,E).

Functions in Z = Cy((0, 1), &) extend “periodically”to give functions in B.

Functions in B can be evaluated at 0 to give functions in &£, and 7 is the
kernel of this map.



The maps Z — B and B — & give the expected exact sequence

0 — Cy((0,1),E) — indy (€, o) — € — 0.

or

Again there is a PV exact hexagon of the algebraic K-groups:

T 3



The maps Z — B and B — & give the expected exact sequence

0 — Cp((0,1),&) — indy (€, a) — € — 0.

or

Again there is a PV exact hexagon of the algebraic K-groups:

T 3

When the algebras are related by T-duality,
the geometric and physical PV hexagons are the same up to degree shifts!



THE GEOMETRICAL PICTURE REWRITTEN

The interior algebra 7 = Cy(R, £) is the suspension of &£, so that
K;(1) = K;—1(€).

So the PV hexagon:

T



THE GEOMETRICAL PICTURE REWRITTEN

The interior algebra 7 = Cy(R, £) is the suspension of &£, so that
K;(1) = K;—1(€).

So the PV hexagon becomes:

T 3



THE GEOMETRICAL PICTURE REWRITTEN

The interior algebra 7 = Cy(R, £) is the suspension of &£, so that
K;(1) = K;—1(€).

So the PV hexagon rotates to:

T 3



CAN WE RECONSTRUCT THE PHYSICAL PICTURE FROM THE
GEOMETRICAL PICTURE?

Given B = ind; (£, @), and the geometrical PV sequence, and supposing that
e: R 5 Aut(€) (d — 1 = dim(&)), the T-duals are:

= & x.R¥L

3
B\ = BX]@Rd

where B := 7 x e : R = R x R4 — Aut(£), with 7 the translation
automorphism B = indy (€, a):

(T(0)f)(x) = flz —1).

Can we reconstruct the physical PV sequence and Toeplitz algebra?



From

£ = £ x.RITL
B\ = BX]ﬂRd,
we get
B\ = BXIﬁRd

— ind; (&, a)xzR?
= indy (€ xR a) 4, R
= ind%(&, a) x. R.



Green's Theorem:
indy (A, o) xR 2 (A x, Z)®K(L*(R/Z))

which is Morita equivalent to A %, Z,

so B=E& x,, 7, as asserted.



Connes’ Thom Isomorphism Theorem: There is a natural transformation of

functors giving
Kj(AxaRY) = Kjp(A).

K;(€) = Kj(€ xR ) = Kja1(E),

K;(B) = K;(Bx.R?) = K; 4(B).

Paschke’'s gloss on the Connes’ Thom theorem showed how to reconstruct

the Toeplitz algebra.



Using
K;(&) = Kjra-1(&),  K;(B)= K a(B),
and the geometric PV hexagon

T 3

we obtain (with Bott periodicity):

AN AN AN

T 3

AN AN AN

Kat1(B) «— Kag41(€) «— Kapa(E),

AN AN

the physical PV sequence (since K;(7(€)) = K;(£)).



WHAT ABOUT H-FLUX MATHEMATICALLY?

DIXMIER-DoUADY THEOREM (1963). For every locally compact space P
and 6 € H3(P,Z) there is a C*-algebra A = C'T(P,§)

with spectrum P and Dixmier—Douady obstruction 9, and it is
unique up to Morita equivalence, ie all such algebras have the same

representation theory.

A continuous trace algebra CT(P,d) may be thought of as an algebra of

sections of a compact operator bundle over P.

The Dixmier—Douady class may be thought of as the H-flux through P.



WHAT ABOUT H-FLUX PHYSICALLY?

One feature in T-duality is that one usually has an H-flux H € H>(X,Z),

which is not prominent in condensed matter problems.

Screw dislocations in crystals:

c
~~
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A
<
9]
o
W
=
=
L
=
Q
]




WILD SPECULATION

Could it feature in the spin ice analogues of magnetic monopoles found
recently (Castelnovo et al. Nature 49 2008)?

Dipoles at the tetrahedron vertices point either in or out, and normally there
are two of each, but one can create anomalous regions with an imbalance of
inward and outward pointing dipoles in pyrochlore lattices such as Dy, Ti5Or.






